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Introduction

Particle processes pervade the chemical, pharmaceutical,
agricultural and mining industries. Many of these pro-
cesses have significant opportunities for cost savings and

productivity enhancements. However, many such advances are
currently unrealized due to a lack of understanding of particle
flow behavior in industrial scale processes. This lack of under-
standing results in scale-up failures, decreased reactor conver-
sions, blockages in particle storage devices, and ineffective
(from technical and/or economic perspectives) designs of trans-
port systems. Reliable simulation tools can provide valuable
insights into particle flow processes and, as a result, accelerate
the achievement of substantial process improvements. Recent
advancements in computational fluid dynamics (CFD) methods
and software can help facilitate these improvements.

The potential for CFD to address interdisciplinary areas
(such as those involving particulate flows) was highlighted in
the Winter 2002 issue of The Bridge, a quarterly journal of the
National Academy of Engineering. In an article entitled, “The
Role of Computational Fluid Dynamics in the Process Indus-
tries” (subtitled: “Computational fluid dynamics has enormous
potential for industry in the 21st century”), various applications
of CFD were discussed in detail (Davidson, 2002). Adroit use
of CFD has already shown much success. For example, a case
study on the economic benefits of using CFD in one engineer-
ing company concluded that, over a six-year period, the ben-
efits achieved generated approximately a six-fold return on the
total investment (including salaries) required in CFD (David-
son, 2001). In another industrial example, an international oil
company successfully implemented CFD to model particle-
laden flow in a fluid catalytic cracking unit. The result was
higher conversion by improving solids distribution in the re-
actor (Barthod et al., 1999).

As a result of the enormous potential associated with flow
simulation technologies, the development of reliable particle
flow models within the context of CFD is a subject of very
active research. This Perspective is intended to provide an
overview of the advances made in the development of these
models. Attention is confined to particle flows in which both
particle-particle interactions are significant and particle veloc-
ity fluctuations are not affected by the presence of the intersti-
tial fluid (i.e., high-particle Stokes number and/or high Bagnold
number flows). Solid volume fractions can range from ex-
tremely dilute (0.1% solids fraction) to very dense (solids
fractions approaching closest packing). Important aspects of
these specific types of particle-laden flows are highlighted, and
the challenges and opportunities for innovation in model de-
velopment in these areas are outlined.

Modeling Approaches

Models describing particle-laden flows can be roughly di-
vided into two groups, Lagrangian models and Eulerian mod-
els. Lagrangian models, or discrete element models (DEM),
calculate the path and motion of each particle. Particle inter-
actions are modeled through specified collision rules. The
Eulerian models, or two-fluid models, treat the particle phase as
a continuum and the coexisting phases as interacting continua.
The most sophisticated Eulerian models describe the particle-
phase stress associated with particle interactions using kinetic
theory concepts. Using these concepts, a separate energy bal-
ance associated with the particle velocity fluctuations that
result from particle interactions (the so-called “granular energy
balance”) is solved in conjunction with particle continuity and
momentum balances. An overview of these two approaches can
be found in Van Wachem and Almstedt (2003). Figure 1
illustrates these two approaches by comparing results from
both a Lagrangian simulation involving 4,100 particles (1b)
and an Eulerian simulation (1c) to an experiment (1a) in a
bubbling-fluidized bed.
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An advantage of using the Lagrangian approach is the ability
to easily vary the physical properties associated with individual
particles (e.g., size or density). Moreover, local physical phe-
nomena related to the particle flow behavior can be easily
probed. Hence, these models can be used for validation, testing,
and development of continuum models. The primary drawback
is the computational effort required to track large numbers of
particles. Therefore, the Eulerian approach is the more practical
approach for simulating large-scale particle flow processes.
However, this approach requires sophisticated modeling in
order to describe the key effects and phenomena found in
industrial processes. Some of these more critical effects are
described more fully in the rest of this article.

Turbulent Gas-Particle Interactions

Interactions between particles and a turbulent gas lead to the
changes in the level of the gas-phase turbulent intensity. In
dilute-phase particle-laden flow, these changes in the level of
the gas-turbulent intensity can produce significant changes in
the pressure drop required to convey the material. For example,
in some cases involving the transport of finer particles (20 �m
– 75 �m) at mass loadings (the ratio of solids mass-flow rate to
gas mass-flow rate) less than 4, the pressure drop actually
decreases with increasing solids concentration. This result is
due to a reduction in the gas-phase stress with the addition of
particles (Marcus et al., 1990).

Particle size, particle density, and solids mass loading are all
known to influence the gas-phase turbulence modulation in the
presence of particles. These effects have been studied exten-
sively, typically using laser Doppler velocimetry. In general,
enhancement of gas-phase turbulence is observed in the pres-
ence of large particles, with attenuation of turbulence observed
in the presence of smaller particles. Increases in the solids
loadings for smaller particles tend to further decrease the gas
turbulent intensity, and increases in the solids loadings for
larger particles tend to further increase the gas turbulent inten-

sity. Recently, the effect of Reynolds number has been also
shown to be a significant factor in gas turbulence modulation
(Hadinoto et al., 2004b). For a given particulate material and
solids loading, gas velocity fluctuations increase with increas-
ing Reynolds number. Hence, the same particulate material can
cause both a reduction in gas turbulence at a lower Reynolds
number and an enhancement in gas turbulence at a higher
Reynolds number.

In dense-phase particle-laden flows, an inspection of the
magnitude of forces influencing the motion of the gas phase
shows the gas-phase stress to be two orders of magnitude
smaller than the drag force (Hrenya and Sinclair, 1997). Hence,
the development of a model for predicting the behavior of such
flows does not require a description for the turbulent gas-
particle interactions. However, in dilute-phase flow, the gas-
phase stress and the drag force are comparable in magnitude.
Thus, an accurate description for the gas-phase stress is critical
in order to accurately predict the flow behavior of the suspen-
sion.

In order to predict dilute-phase flows in industrial opera-
tions, two-phase flow models are based on Reynolds-averaged
conservation equations (RANS) in connection with appropriate
turbulence models (e.g., k-� model, Reynolds stress model,
etc.). Such a RANS model formulation was first developed in
the work of Elghobashi and Abou-Arab (1983). This time-
averaging procedure generates a number of terms, describing
fluid-particle interactions, which require closure. Various pro-
posals for these resulting turbulent correlations have been put
forth in the literature. However, none of them to date encom-
pass the full range—either in magnitude or type (damping or
enhancement) —of gas turbulence modulation observed in
practice (Crowe, 2000). RANS models either treat the particle
phase as a continuum (e.g., Louge et al., 1991; Balzer et al.,
1996) or in a Lagrangian fashion (e.g., Lain et al., 2002; Lain
and Sommerfeld, 2003). In Lagrangian RANS models, trajec-
tories of computational particles, or “ parcels”, are followed in
order to describe flows of engineering relevance (typically
those with higher solids concentration). These “parcel” trajec-
tories are proposed to represent a number of real particles with
the same size and velocity.

Lagrangian models have also been used to simulate interac-
tions between particles and an instantaneous gas velocity field
obtained by either direct numerical simulation or large eddy
simulation (Boivin et al., 1998). However, to date, only simple
turbulent flows and extremely dilute concentrations have been
considered. In addition, the particles are treated as point par-
ticles in terms their effect on the gas turbulence. The flow
around individual particles is not resolved. Consideration of the
influence of finite particle size and the influence of particle-
particle collisions is a more recent research advance in this
approach. These methods hold much promise for developing
model closures, describing turbulent gas-particle interactions,
that can be applied in continuum-based frameworks.

Particle Clustering

One of the most interesting and significant features of par-
ticle-laden flow is the phenomenon of particles temporarily
coming together and forming larger structures. These clusters
(also known as streamers) of particles continuously break up
and recoalesce in a seemingly random pattern during particu-

Figure 1. Comparison of modeling approaches.
(a) experiment and (b) Lagrangian simulation (4,100 parti-
cles) of a 9cm wide fluidized bed operated at three times the
minimum fluidization velocity containing particles of density
1150 kg/m3 and 1.55mm dia. (c) Eulerian simulation of a
50cm wide fluidized bed operated at three times the minimum
fluidization velocity containing particles of density 2640
kg/m3 and 480 �m dia.
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late mixture flow. Particle clustering can be readily observed
visually in gas-particle flows present in risers and downcomers,
most typically when the solids volume fraction exceeds 1%.
However, the exact solids fraction at which these clusters
appear is uncertain, and the solids fraction at which the clusters
can be observed visually varies with particle properties, among
other variables. Since the behavior of these clusters signifi-
cantly influences fluid-solids contacting, solid segregation pat-
terns, and particle mixing, it is critically important to under-
stand the mechanisms causing particle cluster formation in
order to model the particle flow patterns accurately. For exam-
ple, if particle clustering is not accounted for in models simu-
lating vertical pneumatic conveying of solids, an incorrect
solids segregation pattern is predicted. These incomplete mod-
els show particles segregating preferentially toward the core of
the pipe—a segregation pattern opposite to what is observed in
practice (particles segregating toward the pipe wall).

Particle clusters arise as a result of local instabilities. For
smaller particles, clustering is caused by inertial instabilities
associated with both gas-particle slip and inelastic particle
collisions. Clusters, or meso-scale structures, have been ob-
tained in highly resolved two-phase shear flow simulations
involving the kinetic theory model (Sundaresan, 2000; An-
drews et al., 2004). However, it is not yet understood how these
simulated structures scale with domain size. Such an under-
standing is necessary for the development of sub-grid drag and
stress models before these models can be reliably employed in
continuum-based model simulations. In addition, it is unclear
how to incorporate the effects of variations in particle size and
density that occur within a particle mixture into these highly
resolved, two-phase simulations. Future work in this area will
improve the ability to develop sub-grid models that better
account for the presence of clusters.

In the case of the flow of larger particles in a gas, instabilities
in the particle phase alone, due to inelastic particle collisions,
lead to the formation of particle clusters. Under these particle
flow conditions, the discrete element method (DEM) is an
excellent tool for probing particle clustering phenomenon at the
level of individual particles. Using this method, the effects of
varying properties of the particle mixture can be easily incor-
porated. The results of DEM simulations can then be used to
devise appropriate closure relations for continuum-based mod-
els.

Initial DEM simulations, such as the work of Walton and
Braun (1986), employed up to a few hundred particles. No
particle clustering was observed in these simulations involving
such a low number of particles. Since the particles in these
simulations did not exhibit clustering, the predicted particle-
phase stress resulting from these simulations showed good
agreement with the stress for slightly inelastic particles that
was predicted by the kinetic theory model of Lun et al. (1984).
However, in the two-dimensional (2-D) shear flow simulation
of Hopkins and Louge (1991) (which involved 2,600 particles),
clustering was observed—with the clusters oriented at 45° with
respect to the stream-wise direction. These simulations were
carried out for highly inelastic particles with a coefficient of
restitution e equal to 0.2 and a solids volume fraction � of 0.3.
When the coefficient of restitution of the particles was in-
creased, simulations involving a larger number of particles
were required in order to reproduce the clustering phenomena
observed in practice. For example, 200,000 particles were

necessary in the 2-D shear flow simulations of Tan and Gold-
hirsch (1997) in order to observe clustering when the particle
coefficient of restitution was 0.6 and the solids fraction was
0.05.

In 3-D shear flow simulations, the same trend has been
demonstrated—particle clustering is observed, provided the
DEM simulations involve a sufficiently large number of parti-
cles. This point is illustrated in Figure 2, which shows a plot of
the dimensionless normal stress (stress component perpendic-
ular to the shearing plane) as a function of both the number of
simulated particles and the relative system size, L/dp, with L
the characteristic length of the system and dp the particle
diameter (Lasinski et al., 2004). Increases in the particle-phase
stress are evident, provided a sufficiently large number of
particles are simulated. Figures 3a–3c show the segregation
patterns of the particles at various system sizes. It is clear from
these figures that particle clustering is responsible for the
significant variation in the particle-phase stress. Regions of
high-particle density and low-particle density appear in bands
along the stream-wise axis of the system, provided a suffi-
ciently large number of particles are simulated. In simulations,
such as that shown in Figure 3a involving a small number of
particles, the clustering behavior is not captured and particles
are uniformly distributed. Particle clustering is also present in
nearly elastic systems; the system size needed to manifest
clustering in the simulations merely increases as the coefficient
of restitution increases.

In systems with a binary distribution of particle sizes (50/50
mix by volume), particle clustering is also present. This clus-
tering is illustrated by the figures on the cover of this issue. For
these figures, the restitution coefficient is 0.6. The simulations
on the top row are for particle-size ratio equal to 2 and mean
solids fraction equal to 0.1. The simulations on the bottom row
are for a particle size ratio equal to 3 and a mean solids fraction
equal to 0.3. While the smaller-sized particles exhibit the same
clustering pattern as the larger particles, they are less segre-
gated than the larger particles. In addition, the overall stress in
the clustered particle mix is reduced with increasing size ratio.
Simulations also show that the particle-phase stress increases

Figure 2. Dimensionless normal stress as a function of
number of simulated particles (e � 0.6, � �
0.3).
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less rapidly with system size as the particle-size ratio is in-
creased.

Lasinski et al. (2004) have conducted DEM simulations
involving up to 300,000 particles. Both the nature of clustering
and the particle-phase stress continue to change with system
size. The challenge ahead is to formulate scaling rules, based
on these simulations, so that appropriate closure relations for
the particle-phase stress can be developed. Otherwise, simula-
tions of extremely large systems of particles will be necessary
in order to accurately describe the clustering behavior.

Frictional Effects

Frictional stresses are particulate-phase stresses that are as-
sociated with the local deformation and long-term interaction
of particles. These stresses are important in very dense particle
flows (e.g., flows in which the solids volume fraction typically
exceeds 30%), such as those found in hoppers, chutes, and
fluidized beds. The particle stresses associated with these long-
term interactions are not described at all by kinetic theory. In
fact, the particle stresses associated with particle velocity fluc-
tuations and collisions alone are often negligible compared to
the actual stresses present in highly dense-phase systems.
Hence, when frictional effects are not included in the modeling
of such flows, the particle-phase stresses are underpredicted.
Figure 4 illustrates this point by showing predicted solids
volume fractions in hopper flow—both without (Figure 4a) and
with (Figure 4b) frictional stress included in the model formu-
lation. The predicted particle flow patterns from the simulation
without frictional stress exhibit too much of a “water-like”
behavior, with particle velocities higher than observed in prac-
tice.

In continuum-based treatments for particle flow, the models
currently employed to describe the higher stresses encountered
in frictional flows originate from the geo-mechanical research
community and follow a rigid-plastic rheology assumption
(e.g., models proposed by Schaeffer (1987), Tardos (1997), and
Jackson (1982)). The particle stresses have a order-zero depen-
dency on the rate of strain, which is typical for quasi-static

flows. These models employ the so-called “critical state” the-
ory, which assumes that the principal stress and deformation
direction must coincide. In continuum-based treatments, the
frictional stresses represented by these models are simply
added to the kinetic and collisional stresses as described by
kinetic theory. Although there is no physical basis for this
assumption of additivity, dense-phase flow behavior over a
range of solids volume fractions seems to be accurately cap-
tured by employing this assumption of additivity (Van
Wachem et al. 2001a).

In many industrial particle flows, static (not flowing) regions
exist, such as those found at the shoulders of a funnel flow
hopper exhibiting “ratholing”. These stagnant particle regions
produce a singularity in the critical state theory, resulting in
models predicting infinitely high stresses. Srivastava (2001)
has applied a frictional-collisional model, based on the work of
Savage (1998), which does not exhibit such a singularity.
Unfortunately, this model still incorrectly predicts the behavior
of stagnant regions and over-predicts hopper discharge rate.

An alternate approach to describing long-term particle inter-
actions is to analyze these interactions in detail at the level of
individual particles. In the seminal work of Mindlin and Der-
esiewicz (1953), the time-dependent interaction of elastic
spheres is considered. The local deformation during interaction
is described by the contact theory of Hertz, in which the forces
resulting from the deformation are described by Poisson’s ratio
and Young’s modulus for the specific particulate material.
Cundall and Strack (1979) simplified the Mindlin and Der-
esiewicz theory by describing the forces associated with par-
ticle interactions via three mechanical elements—a spring,
dashpot, and slider—which are integrated in time for each
particle. This method of describing the particle interactions is
often referred to as the “soft-sphere” model and is the most
common DEM approach for simulating dense-phase particle
flow. Tsuji (1994) has shown, through simulations of hopper
flow, that ‘soft-sphere’ models describe the particle interac-
tions on the level of individual particles in very dense-phase
flows more accurately than either the kinetic theory of granular

Figure 3. Particle segregation patterns at the center of the simulation domain (e � 0.6, � � 0.3) (a) 4,000 particles, (b)
6,000 particles, (c) 20,000 particles.
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flow or the hard-sphere Lagrangian models. However, the
results from “soft-sphere” models are sensitive to the selection
of collision parameters, such as the spring stiffness. In addition,
the selection of these collision parameters appears rather arbi-
trary in much of the DEM research published to date. Hence,
recent work is aimed at developing guidelines for assigning
these parameters (Ketterhagen et al., 2004).

On the basis of numerous other investigations, it is clear the
“soft-sphere” models of both Mindlin and Deresiewicz (1953)
and Cundall and Strack (1979) incorporate the correct physics
for individual particle interactions in the frictional flow regime.
Unfortunately, it is difficult to statistically “coarse-grain” the
soft-sphere approach due to the strong time dependency of
individual particle collisions. This is a challenge that lies ahead
- to capture the behavior of individual particles undergoing
long-term interactions into a model which can be applied on a
higher, continuum scale.

Particle Shape

Particle-laden flow processes involving nonspherical parti-
cles can behave very differently than systems involving parti-
cles that are generally spherical in shape. In conveying sys-
tems, for example, the higher drag forces associated with
nonspherical particles cause higher pressure drops compared to
systems conveying spheres having the same equivalent vol-
ume. For highly nonspherical particles, such as flakes and
fibers, this increase in pressure drop can be particularly signif-
icant. For example, Henthorn et al. (2005) measured a pressure
drop 50% higher for lean-phase, vertical pneumatic conveying

of flake-like particles (sphericity of 0.39) than for spherical
particles with the same equivalent volume diameter and den-
sity.

Although, very few engineering processes involve perfect
spheres, the bulk of modeling efforts to date has been directed
at spherical particles. However, when nonspherical particles
are studied in continuum-based models, particle shape is typ-
ically accounted for in the model formulation through use of a
nonspherical drag coefficient. There are many such drag coef-
ficient correlations for nonspherical particles available in the
literature; an excellent review of these correlations is given by
Chhabra et al. (1999). Most of these correlations are based on
measurements of particle terminal velocity in settling experi-
ments for a wide range of particle shapes and orientations.

Typically, drag coefficient correlations relate drag to particle
sphericity and particle Reynolds number based on the equiva-
lent volume sphere diameter. In general, the lower the particle
sphericity, the poorer is the correlation to the particle settling
velocity data. Henthorn et al. (2005) recently tested the pre-
dictive ability of one of these commonly-used correlations by
comparing measurements of pressure drop for flake-like parti-
cles and spheres to predictions from a two-fluid, kinetic theory
model (Hadinoto and Curtis, 2004a). While the model predic-
tions showed excellent agreement with the pressure drop mea-
surements for spherical particles, the model did not capture the
significantly higher pressure drops observed for flake-like par-
ticles.

The failure to predict the observed pressure drops for non-
spherical particles may also be due to the fact that particle
shape is not accounted for when describing particle-phase
stress. Several research efforts have been aimed at understand-
ing the influence of particle shape on particle-particle interac-
tions. Walton and Braun (1993) simulated various particle
shapes using different arrangements of rigid clusters of
spheres. They showed an increase in the angle of repose for
nonspherical particles in rotating cylinders. Park (2003) used
the same approach as Walton and Braun, but allowed the
clusters to deform as they interacted. Cleary and Sawley (2002)
simulated 2-D hopper flow with particles modeled as super-
quadrics with various aspect ratios and angularities. They
showed an increase in stress in the nonspherical particle mix-
ture, and a decrease in hopper discharge rate compared to the
discharge rate for perfect spheres. Based on the results of these
investigations, it is likely that an increase in particle stress
arising from interactions between nonspherical particles is also
contributing to the significantly larger pressure drops observed.
However, stress closure models for nonspherical particles re-
main to be developed.

Particle-Size Distribution Effects

Particle-size distribution (PSD) plays an important role in
the behavior of particle-laden flows. In fluidized beds, for
example, Morse and Ballou (1951) found that the uniformity of
fluidization improves as the PSD is widened, leading to im-
proved reactor performance. In addition, the minimum fluidi-
zation velocity decreases and the bed expansion increases as
the PSD widens (De Groot, 1967; Grace and Sun, 1991). In
circulating fluidized beds, the solids circulation rate increases
when the PSD is widened (Horio et al., 1986), gas-solid con-
tacting is improved, and, relative to the smaller particles, a

Figure 4. Simulation of a 2-D (20cm x 160cm) hopper
flow of 480 �m glass beads (a) without and (b)
with frictional stress after 0.15 s of real-time.
The legend indicates the solids volume fraction.
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higher concentration of the larger particles is measured near
riser walls (Mathiesen et al., 2000a).

There are two modeling approaches used in the Eulerian
framework for simulating large-scale particle-laden flow pro-
cesses involving a distribution of particle sizes (or densities).
The first approach is characterized by a separate momentum
equation for each particle species. In order to describe the
particle-phase stress associated with each species, a granular
energy balance for each species is also required. The drawback
of this approach is that each species requires closure for both
the fluctuating particle velocities and the interactions between
these fluctuating particle velocities. These closures are based
on the kinetic theory approach, which allows for the granular
energy of the various particles to be different (i.e., the theory
does not assume equipartition of granular energy). However,
all kinetic theories published to date that allow for a difference
in granular energy between unlike particles assume a Max-
wellian particle velocity distribution. This assumption, as dem-
onstrated by Willits and Arnarson (1999) via their DEM sim-
ulations of shear flow, is highly inaccurate, and results in an
under-prediction of the particle-phase stress in a binary mix-
ture. Hence, the incorporation of a non-Maxwellian velocity
distribution appears to be necessary for reliable stress predic-
tions. In the second approach, averaged mixture properties
from the individual particles are defined, and a mixture mo-
mentum and granular energy balance are employed. These
average mixture properties are locally updated by determining
their local diffusion velocities as described by the kinetic
theory for multiple components. Particle-phase stress closure
models associated with this approach rely on the assumption of
an equipartition of granular energy, but do allow for a non-
Maxwellian particle velocity distribution. While experimental
measurements clearly indicate a difference in granular temper-
ature between particle species (Huilin et al., 2001), the impact
of this difference on the accuracy of stress predictions in
nonsegregating particulate systems is not significant. Clelland
and Hrenya (2002) showed via DEM simulations that the
energy equipartition kinetic theory model of Willits and Ar-
narson (1999) generates good predictions for the particle-phase
stress of a binary mixture over the range of parameters inves-
tigated (particle size ratios up to 5 and restitution coefficients
greater than 0.8). However, the validity of the equipartition
assumption rapidly deteriorates as the coefficient of restitution
is decreased, and this effect is magnified as the particle size
ratio increases. Furthermore, the impact of the granular tem-
perature difference between particle species on the particle-
phase stress in segregating systems is not yet known.

Each of these modeling approaches has recently been ap-
plied separately to simulate particle flow patterns within fluid-
ized beds and risers containing particles possessing a size
distribution. The first approach, based on the assumption of a
Maxwellian velocity distribution, has been employed by
Mathiesen et al. (2000b) to model flow in a circulating fluid-
ized bed with three different solid phases. This approach was
also applied by Huilin et al. (2003) to model the flow of a
binary mixture of solids in a fluidized bed. Both investigations
report good agreement between model predictions and a lim-
ited set of experimental measurements. Van Wachem et al.
(2001b) have employed the second approach, the one involving
a mixture momentum balance, to predict the flow of a binary
particle mixture in a fluidized bed. Although no comparisons of

model predictions to experimental measurements were made in
this particular work, the key qualitative flow features associ-
ated with a widening of the PSD were predicted. For example,
widening the PSD resulted in model predictions of decreased
required minimum fluidization velocity, as well as increased
bed expansion (up to 40% higher than predictions generated by
a monodispersed particle model). In addition, the well-known
phenomenon of “bed inversion” in binary mixtures of small/
heavy particles and large/light particles was also reproduced.
At low fluidization velocities, small/heavy particles preferen-
tially segregate toward the bottom of the bed, with large/light
particles toward the top. At higher fluidization velocities, how-
ever, the opposite segregation pattern occurred.

Given the limited number of simulations involving PSDs
that have been performed in research conducted to date, it is
not clear how accurate either of these approaches is at predict-
ing the flow behavior of a particle mixture over a broad range
of particle properties and operating conditions. Ideally, a more
complete theory for stress in a particle mixture would account
for both a non-Maxwellian particle-velocity distribution and a
nonequipartition of granular energy between the particle spe-
cies. However, derivation of such a complete theory is very
complex. To date, such a theory has been developed only for
very dilute phase flows (Garzo and Dufty, 2002). The future
may hold promise for extending this theory to more dense-
phase flows. In parallel, the individual approaches already
mentioned previously will need to be more fully explored in
order to test their predictive ability over a wider range of
experimental conditions.

Evolving Particle-Size Distribution

In many industrial applications, such as fluidized-bed reac-
tors or pneumatic conveying, the PSD of moving particles
evolves with time due to chemical reaction, agglomeration, or
attrition. In order to model such flows, the population balance
equation (often called the general dynamic equation) must be
solved in conjunction with a hydrodynamic model that ac-
counts for the effect of PSD. The population balance equation
has been applied extensively to flows involving a dispersed
phase assumed to be inertialess (e.g., as in aerosol dynamics),
but only recently have investigators focused on particle motion
dictated by a separate balance of momentum.

Brown (1996) solved the population balance equation using
the method of moments, in conjunction with a simplified two-
fluid model, to describe the deposition of particles in gas
turbines (Brown et al., 1994). A log-normal distribution for the
particle phase was assumed, in which the number of particles,
the mean particle size, and the standard deviation of the dis-
tribution all varied with time (i.e., three moments). Thus, the
application of this model formulation to other processes is
limited to those processes which retain the same form for the
PSD over time (so-called “self-similar” processes). It cannot be
applied, for example, to processes involving particle attrition,
in which the PSD often converts from log-normal to bimodal.
In general, moment methods suffer from closure problems
unless a distribution is assumed.

A very promising method for circumventing this closure
problem is the quadrature method of moments, which is based
on an approximation of the unclosed terms by using an ad hoc
quadrature formula. Fox and coworkers (Fan et al., 2004) have
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developed an extension of the quadrature method of moments,
known as the direct quadrature method of moments
(DQMOM). In DQMOM, the particle distribution function is
represented by a summation of Dirac delta functions. This
approach is computationally efficient and effective in modeling
the evolving particle-size distribution associated with a poly-
merization reaction occurring in a fluidized bed. The only
minor drawback associated with this approach is the limited
amount of information that is known about the true particle-
size distribution, which is represented by several delta func-
tions. Theoretically, an infinite number of moments is required
to completely determine a distribution (Hamilton et al., 2003).
A calculation involving such a large number of moments is not
practical given current computational capabilities. Neverthe-
less, the development and application of the DQMOM ap-
proach represents a significant advancement in the range of
particle-laden flow processes which can now be modeled.

Implications

For industrial operations involving particle-particle interac-
tions, particle flow models are generally reliable provided that
the particles are rounded in shape and do not possess a wide or
evolving particle-size distribution. Such models have been
incorporated into commercial CFD codes, such as Fluent and
CFX. The more complex aspects of particle-laden flows that
have been discussed in this article require additional investi-
gation. Ongoing research into Lagrangian/DEM approaches is
important at the microscale level, while advancements in con-
tinuum models are critical for improving large-scale processes.
The areas covered by this article offer opportunities for aca-
demic and industrial researchers to gain fundamental insights
into key aspects of particle-laden flows, especially how mi-
croscale phenomena are linked to the types of macroscale
challenges faced by industry.
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